The nucleon spin problem raises experimental and theoretical questions regarding the contribution of the orbital angular momentum of the quarks to the total spin of the nucleon. In this article we examine the commutation relationships of various operators that contribute to the total angular momentum of the nucleon. We find that the sum of the orbital plus gluon field angular momenta should satisfy the angular momentum commutators, at least up to the one-loop level. This requirement on the sum of these operators imposes a non-trivial restriction on the form of the color electric and magnetic fields. This is similar to the magnetic monopole/electric charge system where it is only the sum of the orbital plus field angular momentum that satisfies the correct commutation relationships.
INTRODUCTION
Since the European Muon Collaboration (EMC) experiment at CERN where muons were scattered off polarized protons [1] it has been realized that, contrary to the simple quark model, the spin of the nucleon comes not only from the spin of the valence quarks, but also has contributions from the quark orbital angular momentum and from the gluons.
Mathematically this is written as
where q 2 is the scale at which the operators are determined. The spin 1/2 of the nucleon is broken into contributions from the quark spin (
∆Σ(q 2 )), the quark orbital angular momentum (L q (q 2 )), and the total gluon contribution (J g (q 2 )). (Technically one should also include the contribution of the photons, J γ [2] and weak gauge bosons J W Z ). In Ref. [3] an explicitly gauge-invariant form of the total QCD angular momentum was given
where D i = ∂ i − igA a i T a is the covariant derivative with T a the SU(3) generators. The first term in Eq. (2) is associated with the spin of the quarks, the second term with the orbital angular momentum of the quarks, and the last term is the total gluonic contribution. Eq.
(2) can be cast in four-vector notation by defining
where M αµν is a rank 3 tensor which can be defined in terms of the energy-momentum
The QCD energy momentum tensor is given by
where γ (2) we will deal with the angular momentum density operators. Also for the first two terms in Eq. (2) we will not always write out the ψ's.
Conventionally a quantum angular momentum operator should satisfy the standard angular momentum commutation relationship
For example the first term ( 
Since the σ matrices satisfy [σ i , σ j ] = 2iǫ ijk σ k one finds that the first term in Eq. (2) satisfies Eq. (6). At higher orders the various operators in Eq. (2) can be scale dependent and mix with one another, which complicates matters. However, in Ref. [4] it was shown that at the one-loop level the contribution,
∆Σ, associated with the first term in Eq. (2), was scale independent so that, at least up to this order, the first operator in Eq. (2) should satisfy Eq. (6). The quantity, J QCD , should always satisfy Eq. (6) regardless of q 2 , since it is the total, conserved angular momentum of the nucleon. If we rearrange Eq. (2) by placing the spin term on the left hand side (so that J QCD − S = L QCD + G QCD ) then at least to the one loop level J QCD − S, and therefore L QCD + G QCD , should satisfy Eq. (6). We will find that this requirement places restrictions on the color electric/magnetic fields.
QUARK ORBITAL ANGULAR MOMENTUM
The quark orbital angular momentum part of Eq. (2) can be written in component form
Inserting this into Eq. (6) gives after some commutator algebra 
Using the standard formula ǫ ilm ǫ jqm = δ ij δ lq − δ iq δ lj several times and eliminating terms like
The first two terms can be written as
where in the last term we have renamed some of the dummy indices. The second term in Eq. (11) prevents L QCD from satisfying Eq. (6). This has also been remarked upon in
Ref. [5] . One could force L QCD to satisfy Eq. (6) by requiring that color magnetic fields obey the condition x l B l = 0. This would be a strong restriction on the form of the color magnetic fields. This option is probably not viable, since some successful phenomenological models of baryons [6] (or see Ref. [7] for a general overview) explain the mass differences between baryons of similar quark content but different spins in terms of a color magnetic dipole-dipole interaction, in analogy with electromagnetism. For such a color magnetic dipole field x l B l = 0. In addition there is no real reason to try and force L QCD to satisfy Eq. (6), since from the discussion at the end of the previous section it is only the sum, L QCD + G QCD = J QCD − S, which was required to satisfy Eq. (6), at least up to the one-loop level.
Such a situation, where it is only the sum of the field plus orbital angular momentum which satisfies Eq. (6), is encountered in the electromagnetic system of an electric charge and magnetic monopole [8] . Also if one considers an electric charge/point magnetic dipole system one again finds [9] that it is only the combination of orbital plus field angular momentum that satisfies the angular momentum commutators. In the next section we make some assumptions about the form of the color electric and color magnetic fields of the nucleon, and show that the angular momentum commutators impose a non-trivial restriction on the form of these fields. In the electromagnetic examples cited the fields are known explicitly and one must only check that the resulting particle plus field angular momentum satisfies Eq. (6) . In the QCD case, however, the explicit form of the color fields is not known, so this restriction coming from the angular momentum commutation relationships might give some extra insight into the structure of these fields.
FIELD ANGULAR MOMENTUM
At the one-loop level the combination J QCD − S obeys the angular momentum commutation rules, since each term separately obeys them ( J QCD satisfies the angular momentum commutation rules to all orders). Thus at the same one-loop level
is also required to satisfy the angular momentum commutation relationships. Applying this requirement to the combination of orbital plus gluon field angular momentum we will find that certain restrictions are placed on the form of the fields. The commutator of the orbital plus field angular momentum operators is
The first term on the right hand side was calculated in the last section. In order to calculate the last three terms we need to express the field angular momentum in index notation as
m . Next, the matrix chromoelectric and chromomagnetic fields are usually defined as
where T r is the trace) gives
An example of specific forms for the chromoelectric and chromomagnetic fields in a generic quark model can be found in Ref. [10] . With Eq. (13) the second commutator in Eq. (12) becomes
Now for any matrices A, B, C, D 14) can be simplified into a sum of two term commutators
[T r(A)T r(B), T r(C)T r(D)
In order to evaluate these commutators we expand the chromoelectric and chromomagnetic fields in terms of the gauge potentials. The general expressions are
where f abc are the group structure constants. In the canonical formalism the gauge potentials satisfy the following commutation rules [11] [
These are similar to the Abelian field commutators except for the Kronecker delta, δ ab , in the group indices. These commutation relationships along with the expansions given in Eq. being non-zero. These non-zero commutators between E i and B j ensure that the photon angular momentum operator satisfies Eq. (6) [12] . Also in the general non-Abelian case one would expect some or all of the commutators from Eq. (16) to be non-zero. However, since the nucleon is a bound state we will assume that the gauge fields are static -∂ 0 A a µ = 0 -so that the chromoelectric field for this specific case of the nucleon simplifies to
Under this assumption the remaining commutators of Eq. (16) 
Only the time derivative part of the chromoelectric field from inside the commutator has been written out, since by Eq. (18) this is the only term which could give a non-zero result in the commutator. Expanding the commutator part of Eq. (20) and again inserting One might be tempted to immediately discard this conclusion since one expects by simple angular momentum addition that a glueball with two valence gluons should have angular momenta of 0, 2..., and for a glueball with three valence gluons one could have in addition odd angular momenta (1, 3, ...) . However, such considerations are based on the same type of simple arguments that had the spin of the nucleon coming from the spin of the valence quarks. Since the EMC experiments have shown that such a simple picture is not correct for quark bound states like the nucleon it is not unreasonable to raise questions about applying the same procedure to pure gluon bound states.
The third term in Eq. (12) can be written as
The first commutator can be broken into two parts as [
The last part can be reduced to 
The other cross term from Eq. (12) can be obtained from Eq. (23) by multiplying the result by a minus sign to account for the reversed order of the terms, and by interchanging the indices i ↔ j. Combining these two cross terms of Eq. (12) gives
The first term on the right hand side becomes iǫ
we can write the right hand side of Eq. (24) as
Using ǫ kmn ǫ mrs = −δ kr δ ns + δ ks δ nr and renaming some summed over dummy indices Eq.
(25) becomes
Combining the result of Eq. (26) with the results from Eqs. (11) and (14) we find that the commutator for the combined field plus orbital angular momentum density is
where the L k QCD and gB la T a terms should be bracketed by ψ † and ψ. The first line on the right hand side is the correct term to close the angular momentum algebra of the combination 
or in terms of the nucleon state vector
QCD would be a proper angular momentum density. Although these restrictions may seem ad hoc it should be noted that the commutation relationships of G i QCD with itself and with other parts of the QCD angular momentum operator will in general depend on the specific form of E ia and B ia . Therefore it would be more surprising if no restrictions were placed on these fields by the commutation relationships, or if the commutation relationships worked for any form of the fields. As an example one can consider the fields of a color charge located at R and a color magnetic dipole, m, located at the origin. In the one-gluon exchange approximation [7] the color fields will take the following electromagnetic-like form
where In contrast, for electromagnetic systems such as the electric charge/magnetic charge or electric charge/magnetic dipole, one knows the form of the fields from the outset. In these cases one just needs to check that the fields lead to the correct angular momentum commutation relationship for the sum of the orbital plus field angular momentum. However, if the form of the electric and magnetic fields of these systems were not given analytically, then also in these cases one would find some restrictions on the form of the fields coming from the angular momentum algebra. Actually the Dirac condition on magnetic charges -eg = 1/2 -can be viewed as a restriction on the electric charge/magnetic charge system that arises from the angular momentum algebra [8] .
DISCUSSION AND CONCLUSION
Using the gauge-invariant form of the QCD angular momentum operator given in Ref.
[3] we have investigated the commutators of the various terms in Eq. (2). There were two crucial assumptions made in arriving at these results. First, we only considered up In analogy with certain electromagnetic systems, such as the charge/monopole system [8] or the charge/magnetic dipole system [9] , where it is only the combination of orbital plus field angular momentum which satisfies the correct commutation relationships, we examined the commutator for the combination L We took this to indicate one of the following two possibilities :
1. The assumptions about the particular form of the color fields (i.e. Eq. (13) or that the color fields are static) were not valid. However, given the close connection of this form of the fields with the basic structure of Yang-Mills theory it is not apparent how one could alter this with out altering the structure of Yang-Mills theory. 
